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Oh 1 Abstract. For any non-uniform lattice F in SL2QR), we describe the 

■ limit distribution of orthogonal translates of a divergent geodesic in 

r\ SL2(R). As an application, for a quadratic form Q of signature (2, 1), 

, a lattice F in its isometry group, and vo £ R 3 with Q(vo) > 0, we com- 

pute the asymptotic (with a logarithmic error term) of the number of 
points in a discrete orbit woT of norm at most T, when the stabilizer of vo 
£~H , in r is finite. Our result in particular implies that for any non-zero inte- 

■ ger d, the smoothed count for number of integral binary quadratic forms 

with discriminant d 2 and with coefficients bounded by T is asymptotic 
to c-TlogT + 0{T). 



1. Introduction 
7— 1 , 

1.1. Motivation. Let Q G • • • , x n ] be a homogeneous polynomial and 
, set V m := {x G M n : Q(x) = m} for an integer m. It is a fundamental 

Q\ I problem to understand the set V m (Z) = {x G U 1 : Q(x) = rn} of integral 

solutions. 

t^J" ! In particular, we are interested in the asymptotic of the number N(T) := 

#{x G V^(Z) : ||x|| < T} as T — > 00, where || • || is a fixed norm on M. n . 

The answer to this question depends quite heavily on the geometry of the 
ambient space V m . We suppose that the variety V m is homogeneous, i.e., 
there exist a connected semisimple real algebraic group G defined over Q 
and a Q-rational representation 1 : G — > SL n such that V m = vq.l(G) for 
some non-zero vq G Q n . 

Let T < G(Q) be an arithmetic subgroup preserving V m (Z). By a theorem 
of Borel and Harish-Chandra [3j, the co- volume of T in G is finite and 
there are only finitely many T-orbits in V m (7j). Hence understanding the 
asymptotic of N(T) is reduced to the orbital counting problem on #(voT n 
B T ) for B T = {x G V m : \\x\\ < T} and v G V m (Z). 

Theorem 1.1. Set H to be the stabilizer subgroup of vq in G. Suppose that 
H is either a symmetric subgroup or a maximal Q-subgroup of G. If the 
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volume of (H n T)\H is finite, i.e., if H DT is a lattice in H , we have 

#(v T n Br) ~ ™1 H ^ G (B T ) 

where the volumes on H, G and vqG ~ H\G are computed with respect to 
invariant measures chosen compatibly; that is, dvolc = dvol# xdvo\ff\Q 
locally. 

This theorem was first proved by Duke, Rudnick, Sarnak [TO] when H is 
symmetric and Eskin and McMullen gave a simplified proof in [11]. When 
if is a maximal Q-subgroup, it is proved by Eskin, Mozes and Shah in |12j . 

As apparent from the main term of the asymptotic, it is crucial to assume 
vol(ii n T\H) < oo in Theorem 11.11 The main aim of this paper is to 
break this barrier; to investigate the counting problem in the case when 

voi(# nr\H) = oo. 

We focus on the case when Q is a quadratic form of signature (n— 1,1) 
with n > 3 and G is the special orthogonal group of Q. In this situation, 
the case of vol(H n F\H) = oo for H = Stabe(wo) arises only when n = 3 
and Q(vq) = m > 0, that is, when the variety V m = {x G R 3 : Q(x) = m} is 
a one-sheeted hyperboloid. To prove this claim, note first that if H is a non- 
compact simple Lie group, then any closed T\TH in T\G must be of finite 
volume by Dani [6] and Margulis [15] (see also |18j). Any non-compact 
stabilizer H of vq € M n in G is either locally isomorphic to SO(n — 2, 1) 
(which is a simple Lie group except for n = 3) or a compact extension of a 
horospherical subgroup. Since any orbit of a horospherical subgroup is either 
compact or dense in T\G (cf. [8]), it follows that the case of vo\(Hr\F\H) = 
oo arises only when H ~ SO(l, 1); hence n = 3 and Q(vq) > 0. 

In the next subsection, we state our main theorem in a greater generality, 
not necessarily in the arithmetic situation. 

1.2. Counting integral points on a one-sheeted hyperboloid. Let 

Q{x\, X2, X3) be an real quadratic form of signature (2, 1). Denote by G the 
identity component of the special orthogonal group SOq(R). Let r < G be 
a lattice and Vq G M 3 be such that Q{vq) > and the orbit voF is discrete. 
As before, we fix a norm || • || on R 3 and set Bt '■= {x £ vqG : \\w\\ < T}. 

To present our theorem with a best possible error term, we consider the 
following smoothed counting function: fixing a non-negative function tp £ 
C^°(G) with integral one, let 

N T := (XB T *^)(v) 

v£vor 

where xb t * ^(x) = j G XB T (xg)'4 , (g) dg, x 6 VqG, is the convolution of the 
characteristic function of Bt and t/j. Note that Nj> x #(vor n Bt) in the 
sense that their ratio is in between two uniform constants for all T > 1. 

Denoting by H ~ SO(l, 1)° the one-dimensional stabilizer subgroup of 
vq in G, note that vol(-ff Pi T\H) < 00 if and only if H f] T is infinite. 
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In order to state our theorem, we write H as a one-parameter subgroup 
{h(s) : s G K} so that the Lebesgue measure ds defines a Haar measure on 
H - f-l T g T ds = vol H ({h(s) : \s\ < logT}). 

Theorem 1.2. If the volume of(HDT)\H is infinite, we have the following: 

(1) AsT^oc, 

tf T ds 

Nt ~ voi G (r\G) vo W(^) 

where dvolc = ds x dvol^Q locally. 

(2) for T » 1, 

iv T = c-riogr + o(r) 

where c = hm T ^oo r V oi Q (r\g) • 

We note that when vol(HnT\H) < oo, N T = c-T + 0{T a ) for < a < 1 
is obtained in [ID]. We believe, as suggested by Z. Rudnick to us, that 
Nt = c ■ T log T + d ■ T + 0(T a ) for some d > and < a < 1 and hence 
the order of the second term for Nt cannot be improved. 

Theorem 11.21 can be generalized to the orbital counting for more general 
representations of SL/2(M) (see section [6j). 

Remark 1.3. In the case when Q = x\ + x\ — d 2 x\ for d € Z, vq = (1, 0, 0), 
and T = SOq(Z), it was pointed out in [ID] that an elementary number 
theoretic computation of [IT] leads to the asymptotic 



#{( Xl ,X2,x 3 ) G v T : yjxl + x| + d 2 x 2 3 <T} = c-T log T + 0(T log(logT)). 

However this deduction seems to work only for this very special case; for 
instance, we are not aware of any other approach than ours which can deal 
with non-arithmetic situtations. 

1.3. Arithmetic case and Integral binary quadratic forms. In the 

arithmetic case, Theorem 11.21 together with Theorem 11.11 implies the follow- 
ing: 

Corollary 1.4. Let Q(xi,X2,xz) be an integral quadratic form with signa- 
ture (2,1). Suppose that for some vq G Z 3 with Q(vq) > 0, the stabilizer 
subgroup of vq is isotropic over Q. 

Then there exists c = c(|| • ||) > such that as T — > oo, 

#{x G Z 3 : Q(x) = Q(v ), \\x\\ < T} ~ c • TlogT. 

For a binary quadratic form q(x,y) = ax 2 + bxy + cy 2 , its discriminant 
disc(g) is defined to be b 2 — Aac. The group SL2(M) acts on the space of binary 
quadratic forms by (g.q)(x, y) = q(g~ 1 (x, y)) and preserves the discriminant. 
For d G Z, denote by Sd(Z) the space of integral binary quadratic forms with 
discriminant d. Note that ^d(Z) ^ if and only if d congruent to or 1 
mod 4. Now d is a square if and only if the stabilizer of every q G 0d(Z) 
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in SL^Z) is infinite if and only if every q G S^(Z) is decomposable over Z. 
(cf. [4j). 

Therefore Corollary 11.41 implies the following: 
Theorem 1.5. . For any non-zero square d G Z ; i/tere exists Co > sttc/i 

G B d (Z) : disc(g) = d, \\q\\ < T} ~ c • TlogT 
where \\ax 2 + 6xy + q/ 2 || = || (a, 6, c)|| . 

1.4. Orthogonal translates of a divergent geodesic. Let G = SL2 

and r be a non-uniform lattice in G. For s£l, define 



(1.1) h(s) 



cosh(s/2) sinh(s/2) 
sinh(s/2) cosh(s/2) 



as 



e"/ 2 
e- s / 2 



and set H = {h(s) :s£l}. 

In the case when the orbit T\TH is closed and of finite length, the limiting 
distribution of the translates T\THa(T) as T — > 00 is described by the 
unique G-invariant probability measure dfi(g) = dg on T\G [HJ], that is, if 
so is the period of T n H\H, then for any t/j G C c (r\G), 

1 /" So /" 
lim — / ip(h(s)a(T))ds = if) dg. 
T^ioo s J s=0 J r \ G 

Similarly, understanding the limit of the translates T\THa(T) when T\TH 
is divergent (and of infinite length) is the main new ingredient in our proofs 
of Theorem 11.21 

Theorem 1.6. Let xq G T\G and suppose that xoh(s) diverges as s — > +00, 
that is, xoh(s) leaves every compact subset for all sufficiently large s » 1. 
For a given compact subset K. C T\G, there exist c = c(fC) > and M = 
M(JC) > such that for any tp G C°°(r\G) with support in 1C, we have, as 
\T\ — > 00, 

i-T+M r 

ip(x h(s)a(T))ds = J ip(x h{s)a(T))ds = \T\ J ip d/i + O(l) 
where the implied constant depends only on K and a Sobolev norm of ip. 







Remark 1.7. Consider the hyperbolic plane H 2 . A parabolic fixed point 
for r is a point in the geometric boundary doo(M 2 ) fixed by a parabolic 
element of T. If T C H 2 is a finite sided Dirichlet region for T, then the 
parabolic fixed points of T are precisely the T-orbits of vertices of J- ly- 
ing in dooiW 2 ). Let ir : G — > H 2 denote the orbit map g t-t g(i). For 
xq = Tgo G r\G, the image ir(goH) is a geodesic in H 2 with two endpoints 
g H(+oo) := lim^oo w(goh(s)) and g H(-<x) := )im a ->.- 00 ir(g h(s)) in 
9oo(]HI 2 ). We remark that xoh(s) diverges as s — > +00 (resp. s — > —00) if 
and only if goH(+oo) (resp. goH(— 00)) is a parabolic fixed point for F (cf. 
Theorem Q). 
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Corollary 1.8. Suppose that xqH is closed and non-compact. For any 
V e C C (T\G), 

^ lir ? I ip(x Q h(s)a(T)) ds = [ if) dp,. 

T^±oo 2\T\ y_ 00 J r \ G 

Acknowledgements. We thank Zeev Rudnick for insightful comments. 

2. Structure of cusps in r\G and divergent trajectory 

Let G = SL2(M) and T be a non-uniform lattice in G. We will keep the 
notation for h(s) and a(s) from (jl.ip in the introduction. Let 

iV = {(J f) : s G R} and U = wNw' 1 
where w = \ co ? v / \\ "^"^nl ■ Note that his) = wa(s)w~ 1 for all s G R. 

L — sin(7r/4) cos(7r/4) J v ' ^ ' 

For ?? > 0, let 

H v = {h(s) : s/2 > - log 77}. 

Let K = SO (2) = {g G G : 55* = I}. Then the multiplication map 
U x H x K ^ G: (u,h,k) h-> u/i/c is a diffeomorphism. 

The following classical result may be found at jl3^ Thm. 0.6] or [9]: 

Theorem 2.1. There exists a finite set EcG such that the following holds: 

(1) T\TaU is compact for every a G S. 

(2) For am/ 77 > 0, i/ie se£ 

/C^ := r\G \ (J TXTaUHrjK 

is compact; and any compact subset of T\G is contained in fC^ for 
some rj > 0. 

(3) There exists rjo > suc/i that for i = 1,2, i/ o"j G S, Uj G J7, 
/ij G H^, and Ya\U\h\k\ = Ta 2 u 2 h 2 k 2 , then o\ = a 2 , k\ = ±k 2 and 
hi = h 2 . 

Consider the standard representation of G = SL2(R) on M 2 : ((v\, v 2 ), g) h-> 
(vi,v 2 )g. Let ||-|| denote the Euclidean norm on M. 2 . Let 

p = (0, l)^ 1 = (- sin(7r/4), cos(7r/4)). 

Then pU = p, and ph(s) = (0, l)a(s)w~ 1 = e~ s / 2 p for all sGR. Also 

(2.1) g G UH V K IHII < r/. 

Proposition 2.2 (Dani [7j). Let xq G r\G be such that the trajectory 
{xoh(s) : s > 0} is divergent. Then there exist o~q G ±/S, sq £ K and 
u £ U such that xo = Taouh(so). 

Proof. By Theorem 12. 1^ there exists s% > and a G £ such that xoh(s) = 
TaUH V0 / 2 K for all s > si. Let <?i G UH V0 / 2 K be such that xoM s i) = r<r<7i. 
We claim that pgi G Rp. If not, then ||p/t(s)|| — > 00 as s — > 00, and hence 
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there exists s > such that rjo/2\\pgih(s)\\ < t]q. By (|2.ip . g\h{s) £ uhk for 
some u £ U , h £ H Vo and k £ K. Therefore 

Tauhk = Tagih(s) = xoh(s\ + s) E ToUH^^K. 

By Theorem l2.1( 3). we have that /i E H V0 / 2 - But then ||p<7i/i(s)|| = < 
ijo/2, a contradiction. Therefore our claim that pg\ £ Rp is valid. Hence 
gi = ui/i(s){±/} for some u\ E U and s/2 > — log(?7o/2). Thus xo/i(si) = 
rcrui/i(s){±/}, and hence Xo = TaoU\h{s — s\), where <7o = i-Tc. □ 

Proposition 2.3. Xei xo € T\G 5e suc/i i/iat £/ie trajectory {xoh(s) : s > 0} 
is divergent. Let K, C T\G 6e a compact subset. There exists M\ = Mi(/C) > 
such that 

xoh(s)a(T) E" K, 

for any Tel and s > satisfying s > \T\ + Mi. In particular, for any 
f £ C(r\G) support inside K., 

r\T\+Mx 

f (x h(s)a(T)) ds = / f(x h(s)a(T)) ds. 



'0 Jo 

Proof. By Proposition [221 xo = rciou/i(so) for some a® £ ±S, u E f7, so E R. 
By TheoremO^), let 7? > be such that K, C K, v . Let Mi = -s -21og(r/). 
Since s — \T\ > — so — 2 log//, we have 

\\puh(s )h(s)a(T)\\ = \\ph(s + s )a(T)\\ 
= e-( s + s °V 2 \\pa(T)\\ 

U -' <e -(s+s )/2 e \T\/2 



_ e -(s+ao-|T|)/2 < ^ 

Therefore by (j2T]l . uh(s )h(s)a(T) £ UH V K, and hence 
x /i(s)a(T) E Ta UH v K C T\G \ 

□ 



3. Uniform mixing on compact sets 

Let G = SL2(M) and r < G be a lattice. Let p denote the G-invariant 
probability measure on T\G. For an orthonormal basis X\, X 2 , X3 of sl(2, R) 
with respect to an j4<i-invariant scalar product, and ip £ C co (T\G), we 
consider the Sobolev norm 

S m {ip) = maxilla • • • Xi.{^)\\ 2 : 1 < ij < 3,0 < j < m}. 

The well-known spectral gap property for L 2 (F\G) says that the trivial 
representation is isolated (see [21 Lemma 3]) in the Fell topology of the 
unitary dual of G. It follows that there exist 9 > and c > such that for 
any tpi,tp2 E C°°(T\G) with j ipidfi = 0, S\(if)i) < 00 and for any T > 0, 

(3.1) \(a(T)M 2 )\ < ce-^S^S^) 

(cf. 0, m 
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Write O e = {g £ G : \\g — /Hoc < e}. For a compact subset K, C T\G, let 
< eo(/C) < 1 be the injectivity radius of /C, that is, eo(JC) is the supremum 
of < e < 1 such that the multiplication map fC x O e — > T\G is injective. 

For s £R, let 



n + ( S ) = (i?) and n_( a ) = (Jf). 

Theorem 3.1. Xei /C C T\G 6e a compact subset and rj > 0. There exists 
c = c(/C) > swc/t i/tai for any ip £ C°°(r\G) with support in K., for any 
\T\ > 1, x € K,, and < ro < eo(fC), we have 



(3.2) 



ro r 

ip{xn u {s)a{T)) ds - r ip dfi < c(S 3 (ip) + l)e~ 9 ° m 



for some 9q depending only on the spectral gap for L 2 (T\G). Here and in 
what follows, the sign v = + ifT>0 and v = — ifT<0. 



Proof. Consider the case when T > and hence v = +. The other case can 
be proved similarly. 

Let e > 0. Fix a non- negative function p t £ C£°(N + ) which is 1 on 
n+{0, ro] and outside n + [— e,ro + e]. Let = {n±(s) : s £ M} and 
W e := AN~ n O t . Let po denote the right invariant measure on AN~ such 
that dpo ® dn = dp. We choose a non-negative function (f) t £ C°°(A/V _ ) 
supported inside W e and J (j>edpo = 1. 

If we a consider a function t x . )(E on T\G which is defined to be t Xj(E (?/) := 
p e (n + (s))4> t (w) £ C°°(T\G) if y = xn + (s)w £ x supp(p e )W e and other- 
wise, then 5i(t x . )(E ) <C e -3 where the implied constant is independent of x 
and 



(3.3) (a(T)ip,T x>e ) = / ip(ya(T))r x>€ (y)dp(y) 
J y er\G 



ijj(xn + (s)wa(T))4> e (w)p e (n + (s))dpo(w)ds. 

ueW e ,seM. 

As /C is compact, the C 1 -norm of / supported inside K, is bounded above 
by a uniform multiple of Ss(ip) (cf. [TJ Thm 2.20]) and hence for some ci > 0, 

(3.4) maxlll^lU,^} <ci<S 3 (^) 

where is the Lipschitz constant of tp. 

Since for all T > 0, W t a(T) C a(T)e> 2e , we have for all w £ W e and 
T> 1, 

il)(xn + (s)wa(T)) — il){xn + (s)a(T)) < 2c\S^{il))e. 
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Hence by (EO) . 

(a(T)ip,T Xj , 



ijj(xn+(s)a(T))p t (n+(s))ds 



•sfci 



ijj{xn + {s)wa{T))(t) e {w)p e {n + {s))d^(w)ds 



ip(xn+(s)a(T)) p e (n + (s))ds 



< 2dS 3 W0e||p e ||i < 2 Cl S 3 (iP)e(r + 2e). 



Since 



(a(T)ip, t x 



ipdp ■ \\p, 



'el 



we deduce 

fro 



ip(xn + (s)a(T))ds — r$ / ^d/x 



o 



< 



< 



ip(xn + (s)a(T))p e (n + (s))ds - r / i(>dp,\\p e \\i + 4cieS 3 (ijj) 



6cieS 3 (V>) 



(a(T)ip,T x , e ) - r J ipdfj, ■ \\p e \\i 

<Q Cl eS^) + c-e- eT e- z S^) 
for some c > 0. Hence for e = e _eT / 4 and some C2 > 0, 



ip(xn + (s)a(T))ds — ro / ^>c££t < C2(5 3 (^) + l)e 



-0T/4 



□ 



4. Translates of divergent orbits 
Let xo G r\G be such that xoh(s) diverge as s — > oo. 
Theorem 4.1. For any |T| > 1 and any ip G C%°(T\G) 



[T| 



i^{xoh{s)a(T)) ds 



^dp + 0(l)S 3 (^). 



Proof. Let i?o = — logr/o- Due to Proposition 12. 2\ replacing xq by an- 
other point in xqH, we may assume that xq = To-Qh(Ro). For any S > 0, 
||p/»(J2o)fcOS)a(S)|| G [r?o/v^,?7o]- Hence x h(R )h(S)a(S) G if^. 

Let ro be the injectivity radius of K that is, ro = e^K^,^). Let 

So = 0, and choose Si such that roe _Sl < Si := SVfi — Si < 2r§e~ s% for each 
i. We will choose Si = log(2ro^ + 1) for each i. Then xoh(Si)a(Si) G K^,^. 
We put Ri = T - Si. 

We will express X(jh([Si, Si+i])a(T) = Xih a ( Si \[0,5i])a(Ri), where Xj = 
x h{Si)a(Si) and^)(s) = a(-S i )h(s)a(S i ) = n(e s 's/2) Wi (s), and \ Wi (s)\ = 
0{e~ 2Sl ). Note that r /2 < e s '5i/2 < r . 
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By Theorem 13.11 we have 

ro r 

ip(xin(s)a(Ri))ds - r / ^dfi = S 3 (ip) ■ 0(e- e ° R >) 
Jo J 

and hence 

"Si+l r. rro 

ip(x h(s)a(T))ds = — / ip(xin(s)a{Ri))ds + S 3 (ip) ■ 0(e- 2Si 8i). 
s t r o Jo 

Let k = k(T) be such that Sk < T < + rQe~ Sk . Therefore, since 
5 l r 1 < 2e~ s \ 



ip(xh{s)a(T))ds =J2 [ ip(xh(s)a(T))ds + 0(e~ Sk ) 
k—l „ ro 

fc-1 fc-1 

+^^o 1 5 3 (V) • O(e- eo ^) +5 3 (V) • 0(e~ 2S ^) + O(l) 

i=0 «=0 

fc 

1>(^) + 0(J] e-^e"* 1 * + ^ e- 3Si )<5 3 W + 0(1) 

i=l i=l 

fc-1 fc-1 

T/i(^) + 0(e- e ° T ^ e (i-*))ft + ^ e - 3 ^)5 3 (V) + O(l). 



i=0 i=0 



Since 5, = log(2r i + l), < T-S& < 2e~ T implies that fc < ^± < fc+1, 
and hence 

E ^ 351 « E (^Vtf = ° ( "" + 1} = 0(e " 2T + 1} < 00 

and 

k— 1 ^ 

V e ( 1 -^« f = (e 9 ° T ). 

^ J (2r x + l) 1 -^» 1 ; 

Hence 

e -0oT £ ed-*)* + ^ e -3S* = 0(1) . 

«=0 i=0 

Therefore 

rT 

^(x^(s)a(T))ds = Tfity) + 0(1)«S 3 (^). 



□ 



Theorem 11.61 follows from the following: 
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Theorem 4.2. Let xqH[s) diverge as s — > oo. For a given compact subset 
K, C T\G, and ip £ G°°(r\G) with support in K., we have 

^(x h(s)a(T))ds = \T\- I \pdfx+ O(l)<S 3 (V0- 



o J 

Proof. Since xoh(s) diverges as s — > oo, by Proposition I2.3( there exists 
Mi = MiQC) > such that 

r\T\+Mi 

tp(xoh(s)a(T))ds = / ^(xoh(s)a(T))ds 
o Jo 



\T\+M X ) J ^d/i + 0(l)<S 3 (V) 
^^ + 0(1)5 3 (V). 



□ 

By a similar argument, we also deduce the following: 
Corollary 4.3. If xoh(s) diverges as s — > — oo, then 

^(x h(s)a(T))ds = \T\ f ^dfi + 0(l)S 3 (ip). 

oo J 

Lemma 4.4. If xoh(M>) is closed and non-compact, then xoh(s) diverges as 
s — > ±oo. 

Proof. We use a well-known fact that for a closed subgroup H of a locally 
compact second countable group G and a discrete subgroup V of G, if TH is 
closed in G, then the canonical projection map H PiT\H — > T\G is a proper 
map (cf. [16j). Since xoh(M.) is non-compact and /i(IR) is one-dimensional 
with no non-trivial finite subgroups, the stabilizer of xq in /i(R) is trivial. 
Therefore the map h(M) — > T\G given by h — > x^h is a proper injective map. 
This implies that xoh(s) diverges as s — > ±oo. □ 

Proof of Corollary [TJ. As the set C c °°(r\G) is dense in C C (T\G), the claim 
follows from Lemma I4.4I Theorem 14. II and Corollary I4.31 □ 

5. Counting: Proof of Theorem II. 21 

Let Q be a real quadratic form in 3 variables of signature (2,1) and Tq 
a lattice in the identity component Go of SOq(M). We assume that foPo is 
discrete for some vector vo G M 3 with Q(vo) = d > and that the stabilizer 
Hq of vo in Go is finite. 

It suffices to prove Theorem 11.21 in the case when Q = x 2 + y 2 — z 2 and 
vq = (Vd, 0, 0) by the virtue of Witt's theorem. 

Consider the spin double cover map t : G := SL2(M) — > Go given by 
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For s G R, we set 



Z,/^ _ ( cosh(s/2) sinh(s/2) \ . , ( , _ f e a/2 Q 



sinh(s/2) cosh(s/2) j ' aL1 ^ "V ; ^ e -s/2 

Recall that H := {h(s) : s G R}, A := {a(t) : t G R} and i^i := {£(0) : 
€ [0, 27r]}, here ETi is half of the circle group. Observing that 

, / 1 0\ f t w ( cosh t sinh t 

i{h[s)) = I Ocoshs sinhs I and L{a(t)) = 10 10 

\ sinh s cosh s I V sinh t cosh t 

the subgroup H := ±H is the stabilizer of vq in G. We have a generalized 
Cartan decomposition G = HAK\ in the sense that every g is of the form 
hak for unique h G -ff,a G A, A; G K\. And for g = h(s)a(t)k, dfj,(g) = 
s'mh(t)dsdtdk defines a Haar measure on G, where dk = (l/2ir)dk(0), and ds, 
dt and dO are Lebesgue measures. As vqG = ±H\G ~ Ax K\, sinh(t)dtdk 
defines an invariant measure on vqG. We consider the volume forms on 
G and vqG with respect to these measures. Via the map l, these define 
invariant measures on Go and vqGq as well. 

Denote by T the pre-image of To under t. Then Stabr(uo) = H (IT = 
{±1}. 

For each T > 1, define a function on T\G: 

F r(g) ■= xbtKts 1 )- 
7e±/\r 

Proposition 5.1. For any ^ G C^(T\G), 

where = ^r(ei db 63). i^ere i/ie implied constant depends only on S^{^) 
and the support of '37 . 

Proof. Then vq = v + + v~ and VQa(t) = e l v + + e~ t v~ . Since Bt = {voa(t)k : 
\\v a(t)k\\ <Tt el, k G K x }, we have 



(F T ,V)= V XB T (v -yg)y(g)d{j,{g) 
Jr \ G ^±i\r 

^(h(s)a{t)k)ds ) smh(t)dtdk 



keK! J\\v a(t)k\\<T \J h(s)<E±I\H 

^(h(s)a(t)k)ds ) smh(t)dtdk. 

keK 1 J\\v a(t)k\\<T ' 



Since vqT is discrete and H n T is trivial, it follows that r\riJ is closed 
and non-compact in T\G. Now fix any k G K\. Hence by Theorem 14.21 and 
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Lemma HI 



/ (/ W(h(s)a(t)k)ds)smh(t)dt 



1 



voi(r\G) 

TlogI>(*) 
" vol(r\G) • \\v+k\ 
Similarly, 



(2t^) + 0(l)5 3 (V))(e72 + 0(l))dt 

t>l,e*||t)+fc||<T+0(l) 



t<-l,||u a(t)fc||<T 



fS>l,\\v a(-t)k\\<T \Js 
1 



voi(r\G) yt>i, e t|| V -fc|[<T+o(i) 

Tlog 
~ vol(r\G)||u-A;|| 
Since v~k(jr) = —v + , 



+ 0(T)5 3 (V). 

*(/i(s)a(i)&)ds^ swh(t)dt 

y(h(s)a(-t)k)ds) sinh(t)dt 
m J 

(2^(V) + 0(l)5 3 (^))(e*/2 + 0(l))tft 
+ 0(T)S 3 (V). 



Hw-fcll- 1 ^ = / ||u + fc(7r)A;|| _1 dA; = / {{v+kW^dk. 
'keK! JkeKi Jk 1 

The required formula can be deduced in a straightforward manner from 

this. □ 

Fix a non- negative function tp £ C£°(G) whose support injects to T\G 
and with integral J ip(g) dfx(g) = 1. Consider a function fr on R 3 defined 
by 

£r(z) = / XB T (xg)ip(g)dfi(g). 
Then the sum X^-yeiiAr £t( v oi) is a smoothed over counting satisfying 

frivol) ~#voTnB T . 

76±J\r 

Theorem 5.2. As T — > oo, 

7£ t^ r vol(r\G) J kGKl \\v+k\\ 

Proof. It is not hard to verify that 

fr(v Q 7) = (F T ,^>) 

76±/\r 

where ^(Tg) = Ylyer^i^d)- Therefore the claim follows from Proposition 

ED □ 
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Theorem 5.3. For T> 1, we have 

2TlogT 



#{w £ vqT : \\w\\ < T} 



vol(r\G) J Kl \\w+k 



-dk(l + (logT)- a ) 



where a 



-1/5.5. 



Proof. Note that F T (I) = #{u> £ v T : \\w\\ < T}. For each e > 0, let 
O t = {g £ G : \\g — I\\oo — e }- There exists < £ < 1 such that for all small 
e > 0, 

(5-1) Oe e B T C B(i+ e )T, -B(i- e )T C n ue o et uB T - 

Let , i/> <E be a non-negative smooth function on G supported in Oi e and with 
integral / ip e d[i = 1 and define ^ e G C c °°(r\G) by ^(To) := £ 7er ^(70). 
Using (|5.ip . we have 

(F {1 _ e)T ,* e ) < Ft{I) < (F (1+e)T ,* e ). 

Therefore by Proposition 15.11 



(-F(l± e )T,* e 



2TlogT 

voi(r\G) y Kl ||t^fc|| 

2TlogT 



rdk + 0(eT log T) + 0(S 3 (^ e )T) 



dk(l + (logT)- 1 / 5 - 5 , 

= 0(e -4 ' 5 ), and if we put 



vol(r\G) J Kl \\w+k\\ 

where the last equality follows because S 3 (^ 
e = (logT)- 1 / 5 - 5 then 

0(S 3 (tf £ )T) = O(eriogT) = (Tlog^aogT)- 1 / 5 - 5 



□ 



Proof of Theorem The above computation in the proof of Proposition l5.ll 

also shows that 

(5.2) 

vol(Br) = f [ smh(t)dtdk = T [ — ^—dk + O (Jog T). 

JfceftTi J \\v a(t)k\\<T JkeK\\v + k\ 

From Theorem 15 .31 it follows that 
(5.3) 



IkeK 



^)= 2108 ™ (l + 0(Io B T)-°)). 

voi(r\G) 



Since Ft (I) = #{voF H Bt), this completes the proof. □ 

6. Orbital counting for general representations of SL 2 (M) 
Let G = SL2(M) and T be a non- uniform lattice in G. For s£l, define 



h(s) 



cosh(s/2) sinh(s/2) 
sinh(s/2) cosh(s/2) 



as 



,s/2 
e- s / 2 



HO) 



cos(0/2) -sin(0/2) 
sin(0/2) cos(0/2) 



Put H = {h(s) : s £ f }, A + = {a(t) : t > 0}, and K x = {k(0) : 9 G [0, 2vr]}, 
here ifi is half of the circle group. Put wq = k{ii). Then {±J}\G = 
HA + Kx U flw A + ifi, u;^ 1 /i(s)iy = n(-s) and 1 a(t)w = a(-t). 
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Let V be any finite dimensional representation of G and Vq G G be such 
that H is the stabilizer subgroup of vq in G, i.e., -ff = G Vo where G VQ = {g G 
G : «og = wo}- Assume that V is linearly spanned by t>oG. Then if e mt is 
the highest eigenvalue for o(t)-action on V, then m G N, and the G action 
factors through {±/}\G = PSL 2 (M) 9* SO(2, 1)°. 

For example, let V m denote the (2m+l)-dimensional space of real homoge- 
neous polynomials of degree 2m in two variables, and consider the standard 
right action of g G SL(2,M) on P(x,y) G V m by (Pg)(x,y) = P((x,y)g), 
where ^ = (ax + cy,bx + dy). Let vo(x,y) = (x 2 — y 2 ) m . Then 

G vo = HW, where W = {±1} if m is odd and W = {i/, i^o} if m is even. 
Moreover, {P £ V m : Ph = P, for all h £ H} = RP . A general finite di- 
mensional representation of G with a nonzero H -fixed vector is a direct sum 
of such irreducible representations, and vq is a sum of one nonzero if -fixed 
vector from each of the irreducible representations; we assume that V is a 
span of vqG. 

Theorem 6.1. Let V , vq and m be as above. Suppose that T is a lattice in 
G, vqT is discrete, and T VQ := Tn G VQ is finite. Let ||-|| be any norm on V, 
and Vq = limj^oo voat/\\voat \\ ■ Let C be an open subset of {v G V : ||t>|| = 1} 
such that = {9 G [0, 2tv] : VQk(6) G M.C} has positive Lebesgue measure, 
and {6 G [0, 2ir] : VQk(9) G M.(C \ G)} has zero Lebesgue measure. Then for 
T > 1, 

(6.1) #( Uo rn[o,T]G) 

|r vo | • vol G (r\G) m 

where vole is given by the Haar integral dg = smh(t)dtdsdO on G, where 
g = h(s)a(t)k(9) , and a = g-g. 

Moreover, ifCdV satisfies MCfl v^K\ = 0, then #(v T n RG) < oo. 

Proof. The result can be deduced by the arguments as in the proof of Theo- 
rem [531 one may also use the basic ideas from [16] about using the highest 
weight. □ 
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